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Nomenclature
A = cross-sectionalnozzle area
ci = mass fraction of the i th species
civ = mass fraction of the i th species in vth vibrational level
cp = global constant pressure speci� c heat
cpi = molar constant pressure speci� c heat for i th species
cs = speed of sound
h i = formation enthalpy for the i th species
hT = translational and rotational enthalpy per unit mass
hv = internal enthalpy per unit mass
M = Mach number
m = mean molar mass
m i = molar mass for i th species
P = pressure
R = universal gas constant
R¤ = R/ m
T = gas temperature
Ti = vibrational temperature of the i th species
u = � ow speed
x = position
a = cp / R
a i = cpi / R for i th species
c = cp / cv

e iv = molar energy of vth vibrational level of the i th species
q = global mass density
q iv = mass density of the i th species in the vth vibrational level
Pq iv = source term caused by reaction for the continuity equation

of the vth level of the i th species
v i = molar fraction of i th species
v iv = molar fraction of i th species in the vth vibrational level

Introduction

L ARGE interest is presently devoted to the development of so-
phisticated codes describing the � uid dynamics and the kinet-
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ics of air under different nonequilibriumconditions. In general, the
efforts have been concentrated on the � uid dynamic aspects of the
problem,whereasthechemicalkineticshasbeenconsideredasolved
problem. In this connectionlarge use has been made of Park’s mod-
els or with othermodels essentiallybasedon Park’s approach.1 Basi-
cally,Park’s models are combustionlikemodels,with the rates of the
elementaryprocessesessentiallydescribedby Arrhenius-typeequa-
tions. Some nonequilibriumeffects are considered in these models,
namely, the possibilityof de� ning effective temperatures in a multi-
temperatureapproach.This approach,however,can completelyhide
the nonequilibriumcharacterof the vibrationaldistributionspresent
in high-enthalpy expanding � ows. As a consequence, the rates of
elementary processes can differ by orders of magnitudewith strong
consequenceson the � nal results.

An alternative approach to the problem is to consider a state-
to-state approach.2,3 Of course, this approach is time consuming
and can become prohibitivefor realistic two- and three-dimensional
codes. However, the state-to-state kinetics can be easily imple-
mented in one-dimensionalcodes: the results obtainedcan therefore
be used to understandthe limitations introducedin the macroscopic
treatment of kinetics as usually done in � ow solvers.

In a previouspaper we consideredthe nonequilibriumvibrational
kineticsin theboundarylayerof abodytravelingathypersonic� ow.4

In the present paper we consider the expansion of high-enthalpy
� ows through a nozzle. In both cases the nonequilibrium charac-
ter of vibrationaldistributions is caused by the atom recombination
that introduces vibrational quanta on top of the vibrational ladder
followed by the spread of vibrationalquanta by vibration-vibration
(VV) and vibration-translation energy-exchangeprocesses.The re-
sulting nonequilibriumvibrationaldistributionsare such to dramat-
ically enhance the rate of production of NO through the reaction

N2(v) C O ! NO C N (1)

In particular, a non-Arrhenius behavior of the forward reaction rate
can develop, following the strong non-Boltzmann character of the
vibrationaldistributionsof N2(v). This behavior can strongly mod-
ify the NO pro� le either along the coordinate perpendicular to a
body � ying at hypersonicvelocity4 or along the x coordinate in the
nozzle expansion.

Method of Calculation
The vibrational kinetics of air mixtures includes the following

processes:

N2(v) C N2(w) $ N2(v ¡ 1) C N2(w C 1) (2)

N2(v) C N2 $ N2(v ¡ 1) C N2 (3)

N2(v) C N $ N2(w) C N (4)

O2(v) C O2(w) $ O2(v ¡ 1) C O2(w C 1) (5)

O2(v) C O2 $ O2(v ¡ 1) C O2 (6)

O2(v) C O $ O2(v ¡ 1) C O (7)

O2(v) C N2 $ O2(v ¡ 1) C N2 (8)

N2(v) C O $ N2(v ¡ 1) C O (9)

N2(v) C O $ NO C N (10)
372
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Basically, we solve the vibrationalkinetics of N2 and O2 coupled
to each other through reactions (8–10). Note also that reaction (10)
is the only channel for the formation and depletion of NO.

Concerning the dissociation-recombination reactions for N2 and
O2 , we consider a pseudolevel (v 0 C 1) located just above the last
boundlevelof thediatom(v 0) throughwhichpassesthe dissociation-
recombination reaction; i.e., we consider the following elementary
processes4:

N2(v) C N2(v
0) $ N2(v ¡ 1) C N2(v

0 C 1) $ N2(v ¡ 1) C 2N
(11)

N2(v
0) C N2 $ N2(v

0 C 1) C N2 $ 2N C N2 (12)

N2(v) C N $ N2(v
0 C 1) C N $ 3N (13)

O2(v) C O2(v
0) $ O2(v ¡ 1) C O2(v

0 C 1) $ O2(v ¡ 1) C 2O
(14)

O2(v
0) C O2 $ O2(v

0 C 1) C O2 $ 2O C O2 (15)

O2(v0) C O $ O2(v0 C 1) C O $ 3O (16)

In the zero-dimensional kinetics we write a set of coupled � rst-
order differential equations giving the temporal evolution of each
vibrational level in the presence of the elementary processes just
reported. In this approach the density of the atomic species is seen
as two times the concentration of the corresponding pseudolevel.
Note also that for NO we consideronly the ground vibrational level.

Rate coef� cients of the differentprocesseshave been discussedin
ourpreviousworks.2¡4 A largeefforton state-selectedNO formation
rates has been done by Bose and Candler.5

The complexity of air vibrational kinetics makes a realistic � uid
dynamicmodel of the nozzle � ow hard to be used.For this reasonwe
have resorted to a simple one-dimensionalnozzle � ow describedby
Vincenti and Kruger.6 In this case we can write the Euler equation
in the following form:

dq u A

dx
D 0,

dp

dx
C q u

du

dx
D 0, u

du

dx
C

dhT

dx
C

dhv

dx
D 0

(17)

This equation set should be closed with the ideal gas state equation

P D q R¤T (18)

and the expression for the translational-rotational enthalpy,

hT D
X

i

v i a i R¤T D a R¤T (19)

where a i D 5
2 for atomic species and a i D 7

2 for the molecular
species, and the internal (vibrational and formation) enthalpy

hv D 1
m

X

i,v

v iv( e iv C h i ) (20)

Such an equation set is still not closed because the v iv are not de-
termined. The system is completed by the continuity equations for
each level of all species to model a state-to-state kinetics:

dq ivu A

dx
D A Pq iv (21)

where the Pq iv have the same expression as in Ref. 7.
The Euler equationshave been manipulated to give the following

equation for the � ow speed:

du

u dx
D dA

A dx
¡ dR¤

R¤ dx
C

c

a

d a R¤

c R¤ dx
C dhv

c2
s dx

,
(M2 ¡ 1)

(22)

that has been discretized by � nite differences and integrated by the
implicitEuler with a step-adaptivemethoddescribedin Ref. 8. Mass

densityand gas temperatureare calculatedalgebraicallybyusing the
mass and energy continuityequations just listed. The mass fractions
civ are calculatedat the same time with the speedequationby solving
the � nite difference problems coming from

dciv

dx
D

Pq iv

uq
(23)

with the same algorithm used for the � ow-speed equation.
The numerical procedure consists in starting from the reservoir

at temperature T0 and at pressure P0 , and the gas composition is
considered in thermodynamicalequilibrium.The vibrationaldistri-
butions in the reservoir are Boltzmann with vibrational temperature
equal to the gas temperature. The initial � ow velocity is not deter-
mined because the transition to supersonic � ow happens only for a
determined velocity, when the numerator and the denominator be-
come zero at the same time. The initial speed is then obtained by
calculating the pro� le from the reservoir to the throat for different
initial speeds until the transition to supersonic � ow happens. Once
the initial speed and the corresponding inlet � ow quantities have
been determined, the calculation is continued in the nozzle outlet.

Results and Discussion
The calculations have been performed for a 1-m-long parabolic

nozzlehavingcylindricalsymmetry and the axis radiusdependence:

r(x) D 3.5x2 ¡ 3.5x C 1 (24)

with x expressed in meters (xthroat D 0.5 m). The reservoir pressure
P0 is around one bar, and the reservoir temperature T0 ranges from
4000 to 8000 K. (The subscript 0 will refer to reservoir conditions.)

In Figs. 1a and 1b we have reported the ratio of oxygen (Fig. 1a)
and nitrogen (Fig. 1b) � rst-level temperatures and translational

a)

b)

Fig. 1 Ratio between a) O2 and b) N2 vibrational temperature Tv and
translational temperature T as a function of the nozzle position for dif-
ferent reservoir temperatures.
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a)

b)

Fig. 2 Vibrational distribution functions (VDFs) for different nozzle
positions (T0 = 8000 K).

temperatures.From these � gures we can see that the � rst-level tem-
peratureof N2 is substantiallyhigher than the O2 � rst-level tempera-
ture as a result of the lower deactivationrates present in the nitrogen
system.This result,althoughimportant,doesnotgivea realisticview
of the nonequilibriumbehaviorof the vibrationaldistributions.This
point can be understoodby looking to the correspondingvibrational
distributionsfor different reservoir temperature and pressure values
T0 , P0 (see Ref. 9). A sample of the results is reported in Figs. 2a
and 2b. The vibrationaldistributionsare very far from a Boltzmann
shape,forbothO2 andN2 , showinga plateauandverycomplexstruc-
tures, thus emphasizing the erroneous conclusion about Boltzmann
distributions at the local vibrational temperatures. Recall that the
form of the calculatedvibrationaldistributions is mainly controlled
by the recombinationprocess for both N2 and O2 and by the energy
exchangeprocessesincludingthe formationofNO fromreaction(1).

The nonequilibrium effects manifest themselves at longer dis-
tances in the nozzle when the gas temperature cools down, thus
favoring the recombination process. At the same time the differ-
ences between the vibrational temperatures and the translational
one increasewith increasingthe distance, thus favoringnonequilib-
rium effects caused by the VV up-pumping mechanism. Note also
that the strong nonequilibriumconditions present in the vibrational
distributions do not seem to affect macroscopic quantities such as
temperature and pressure pro� les.9

Let us now considerthe pro� les of N (Fig. 3a) and of NO (Fig. 3b)
concentrations.We see a strongcorrelationbetween the two pro� les.
In particular, in all cases except that at T0 D 4000 K, the N pro� le
remains � at with dramatic consequences on the NO pro� le, which
strongly decreases with the distance. At T0 D 4000 K we observe a
� at pro� le of NO as a consequence of the decreasing pro� le of N.
This behavior can be explained by the reverse reaction

NO C N ! N2(v) C O (25)

a)

b)

Fig. 3 Molar fraction pro� les for different reservoir temperatures.

which practically controls the growth of NO. The NO pro� le af-
ter a given distance, depending on the initial conditions, presents a
minimum after which the NO concentrationstarts growing, which is
caused by the strong nonequilibriumcharacterof the NO formation
rate as can be appreciated in Fig. 4a. In this � gure we have reported
the pseudo second-order formation rate of NO through reaction (1)
as a function of the inverse of local translational temperature. Ax-
ial pro� les as a function of 1/ T have been reported in Fig. 4b. We
see that the second-order rate constant follows an Arrhenius-type
behavior along the nozzle up to a given 1/ T value, presenting a
non-Arrhenius behavior (negative activation energy) from a given
distance on. In particular, a slightly increasing plateau is observed,
the magnitude of this plateau depending on the initial conditions.
The reported behavior of the rate constant is responsible for the
increase of NO concentration from a given distance on. In Fig. 4a
we have also reported the experimental rate constant for quasiequi-
libriumconditionsobtainedby Monatet al.10 The satisfactoryagree-
ment betweencalculatedand experimentalhigh-temperatureresults
(low 1/ T values) is an indirect con� rmation of the accuracy of the
input data used in this work.
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Fig. 4a NO global production rate for the reaction N2 ++ O $ NO ++ N
and for different reservoir temperatures T0 . The symbols are experi-
mental results,10 and - - - - is their Arrhenius � t.

Fig. 4b Nozzle position as a function of the inverse of temperature
along the nozzle axis.

Results obtained for nonparabolic nozzles (the so-called F4
nozzle operating at ONERA) closely follow those reported in
Figs. 1–4, thus eliminating the uncertainties caused by the use of
one-dimensional inviscid � ow for parabolic nozzles.9

Conclusions
The resultspresentedin this work have shown the roleof nonequi-

librium vibrational kinetics in the nozzle � ow. In particular, the
proposed model shows a strong non-Arrheniuscharacterof the for-
mation rate of NO through the reaction of vibrationally excited
molecules and oxygen atoms. This behavior is mainly caused by
the recombination of N atoms that form strong nonequilibriumvi-
brational distributions.

The present results, even though qualitative, represent a new at-
tempt to describenonequilibriumeffects in nozzle expansion � ows.
Future work in this directionshould be directedtoward a better char-
acterizationof input data as well as to dedicatedexperimentsable to
monitor the concentrationpro� les of the different species as well as
the vibrationaldistributionsof diatomic molecules along the nozzle
axis. Inclusion of these kinetics in two-dimensional nozzle � ows
should also improve the present treatment.

Acknowledgment
This Note has been partially supported by Agenzia Spaziale

Italiana.

References
1Park, C., Non-Equilibrium Hypersonic Aerothermodynamics, Wiley,

New York, 1990, pp. 326, 327.
2Armenise, I., Capitelli, M., Colonna, G., and Gorse, C., “Non-

equilibriumVibrational Kinetics in the Boundary Layer of Re-entering Bod-
ies,” Journal of Thermophysics and Heat Transfer, Vol. 10, No. 3, 1996, pp.
397–405.

3Colonna, G., and Capitelli, M., “Electron and Vibrational Kinetics in the
Boundary Layer of Hypersonic Flow,” Journal of Thermophysics and Heat
Transfer, Vol. 10, No. 3, 1996, pp. 406–412.

4Capitelli, M., Armenise, I., and Gorse, C., “State-to-State Approach in
the Kinetics of Air Components Under Re-Entry Conditions,” Journal of
Thermophysics and Heat Transfer, Vol. 11, No. 4, 1997, pp. 570–578.

5Bose, D., and Candler, G. V., “Thermal Rate Constants of the N2 C
O ! NO C N Reaction Using Ab Initio 3A,” Journal of Chemical Physics,
Vol. 104, No. 8, 1996, pp. 2825–2833.

6Vincenti, W. G., and Kruger, C. H., Jr., Introduction to Physical Gas
Dynamics, Wiley, New York, 1965, pp. 245–316.

7Giordano, D., Bellucci, V., Colonna, G., Capitelli, M., Armenise, I., and
Bruno, C., “Vibrationally Relaxing Flow of N2 Past an In� nite Cylinder,”
AIAA Paper 95-2072, June 1995; also Journal of Thermophysics and Heat
Transfer, Vol. 11, No. 1, 1997, pp. 27–35.

8Colonna, G., “Step Adaptive Method for Vibrational Kinetics and Other
Initial Value Problems,” Supplementoai Rendiconti del Circolo Matematico
di Palermo, Serie II, No. 57, 1998, pp. 159–163.

9Colonna, G., Tuttafesta, M., Capitelli, M., and Giordano, D., “NO For-
mation in One-Dimensional Nozzle Air Flow with State-to-State Nonequi-
librium Vibrational Kinetics,” AIAA Paper 98-2951, June 1998.

10Monat, J. P., Hanson, R. K., and Kruger, C. H., “Shock Tube Deter-
mination of the Rare Coef� cient for the Reaction N2 C O ! NO C N,”
Proceedings of 17th Symposium (International) on Combustion, Combus-
tion Inst., Univ. of Leeds, Leeds, England, UK, 1978, pp. 543–552.

View Factors Between Finite Length
Rings on an Interior Cylindrical Shell

C. P. Tso¤ and S. P. Mahulikar†
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Singapore 639798, Republic of Singapore

Nomenclature
A = surface area, m2

D = diameter, m
d = distance, m
Fi ¡ j = view factor of surface j as seen by surface i
L = length, m
r = radius, m

Subscripts

b = bottom surface
n = neighboring surfaces
s = shell surface
si = shell interior surface
sid = shell interior surface of length d
sn = one of the neighboring shell surfaces
sTT = total of two neighboring shell surfaces
T T = total of two neighboring elements
t = tube surface
u = upper surface
1 = element 1
2 = element 2 or surface 2; Fig. 2a

Introduction

T HE present work is aimed at analyzing surface radiation heat
exchange in annular microchannels bounded by two coaxial

heat-generating cylinders, for electronics cooling application. The
geometryof coaxialcylindersis common to applicationssuch as air-
craftengines,heatexchangers,infraredtelescopes,reactors,rockets,
and tubular furnaces. The view factor, de� ned, e.g., by Siegel and
Howell,1 is a key element in the computationof radiant interchange
between diffusely emitting surfaces. It is also used in conjunction
with diffusion and transport codes to calculate the neutral particles
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